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ABSTRACT 


In  this  paper,  the  relationship  between  formulation  and  design  is 
examined.  The  main  aspects  of  mathematical  formulation  are  the  develop¬ 
ment  of  definitions  of  variables  and  the  functional  relationships  of 
the  variables  required  to  model  the  situation  under  study.  There  are 
many  ways  to  attack  these  two  aspects  since  there  can  be  many  mathe¬ 
matical  formulations  for  the  same  problem  description.  The  design  of 
an  efficient  mathematical  formulation  Is  an  activity  analogous  to  other 
engineering  design  activities.  In  this  paper  the  design  aspects  of 
mathematical  formulation  are  discussed  and  an  example  illustrating  the 
design  considerations  is  presented. 


Two  major  aspects  in  mathematical  formulation  involve  the  defining 
of  the  variables  to  be  Included  in  the  formulation,  and  the  developing 
of  the  relationships  of  the  variables  to  form  objective  functions  and 
constraints.  Thus,  the  formulation  of  a  problem  In  mathematical  terms 
involves  the  creation  and  evaluation  of  alternatives  for  definitions 
and  relationships. 

In  this  paper,  it  will  be  assumed  that  the  problem  to  be  solved 
has  been  specified.  It  is  only  necessary  to  translate  the  problem 
description  into  an  efficient  mathematical  form  which  is  suitable  for 
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solution.  Th«  word  efficient  Implies  the  existence  of  alternative 
ret heretical  tores  and  a  value  ays  ten  for  selecting  a  song  the  alternative 
fores.  For  this  paper,  the  ■ensure  of  efficiency  will  be  the  slse  of 
the  problew  In  terms  of  the  nu*bcr  of  unknowns  and  conetralnta.  An 
alternative  measure  of  efficiency  would  be  the  time  to  obtain  a  solution. 

A  demonstration  of  the  design  aspects  Involved  In  wthematlcal  formula¬ 
tion  will  be  given  through  the  vehicle  of  an  example.  Alternative 
formulations  for  the  specified  problesi  will  be  given.  The  design  of 
the  alternative  mathematical  formulations  represents  a  real  engineering 
challenge . 

The  remainder  of  this  (taper  is  organised  as  follower  (0  statement 
of  the  problem  to  be  forssilaced;  (2)  definitions  and  relationships  for 
a  first  design;  (3)  a  redesign  in  order  to  reduce  the  number  of  unknowns 
and  the  number  of  constraints;  (A)  a  refinement  to  the  redesign;  (5> 
gene rail cat  Iona  to  a  multiproject  scheduling  problem;  end  (6)  conclusions. 

Before  proceeding  with  the  problem  description  and  alternative 
formulations,  it  is  pertinent  to  point  out  that  '.he  content  of  this 
paper  Is  such  that  advanced  mathematical  concepts  are  not  required  for 
Its  reeding.  The  symbolism  Included  in  the  paper  is  complex,  however 
sll  manipulations  are  strictly  algebraic.  This  further  emphasises  the 
fact  that  mathematical  formulation  is  concerned  with  design. 

Statement  of  the  Problem 

As  a  vehicle  fc.-  exploring  the  design  sspects  of  msthsmstlcal 

A 

formulation,  a  simple,  one-machine  sequencing  problem  with  delay  costs 

* "Scheduling”  is  often  used  as  the  problem  deecrlptor.  Since 
sequencing  implies  ordering  from  which  start  tires  can  be  obtained, 
l.e.  a  schedule,  the  terms  are  cloaely  related. 
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[3,  14]  Mill  be  used.  This  problem  involves  the  sequencing  of  a  given 
set  of  Jobs  on  one  machine  in  such  a  winner  ss  to  minimise  the  total 
cost  associated  with  Jobs  exceeding  given  due  dates.  It  is  asauamd 
that  the  processing  tisse  for  each  Job  la  known  with  certainty.  If  a 
job  is  cosplettd  before  its  due  date,  then  no  penalty  coat  is  assessed . 
This  problesi  is  e  special  case  of  the  a-BKhiiw  n-job  acheduling  problem, 
which  in  turn  ia  a  subproblea  of  the  general  network  acheduling  problem 
when  limited  resources  are  available. 

A  considerable  aamwnt  of  research  has  been  expended  on  job  sequencing 
and  acheduling  problems .  Several  excellent  survey  papers  have  been  pub¬ 
lished  in  thla  area  [15,  19].  A  review  of  the  literature  dealing  with 
job  sequencing  la  not  relevant  (the  bibliography  does  include  the 
references),  since  the  mein  concern  of  this  paper  is  the  treatment  of 
the  method  used  in  formulating  such  probleaui,  not  in  the  solution  of 
such  problems.  The  fonailatlon*  presented  in  this  paper,  however,  are 
different  from  those  currently  given  in  the  literature. 

In  order  to  obtain  a  feel  for  the  sequencing  problem  considered, 
a  small  example  will  first  be  presented.  The  example  involves  six  jobs. 
The  input  information  concerning  the  six  jobs  is  presented  in  Table  1. 

The  formal  definitions  of  the  input  information  are  given  below: 

g^  “  due  date  of  job  i  (a  period  number  after  which 
penalties  are  assessed) ; 

d^  "  processing  tine  to  perform  job  i  (in  periods);  and 
-  penalty  cost  per  period  that  job  i  is  late. 

These  definitions  will  be  used  in  all  the  formulations  to  be  presented 


in  t  h » «  p* pe t  . 
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On*  method  to r  sequencing  the  job*  ia  by  their  due  dates.  That 
is,  the  Job  with  the  earliest  due  date  is  scheduled  first,  and  so  on. 

Table  1 

DUE  DATES,  PROCESSING  TIMES  AND  PENALTIES 
FOR  SIX-JOB,  ONE-MACHINE  EXAMPLE 


Job 

Dus 

Penalty/ 

Job 

Number 

Data 

Period  Late 

Duration 

1 

2 

$5.00 

5 

2 

4 

4.00 

4 

3 

S 

2  .00 

3 

4 

12 

1 .00 

5 

5 

13 

7.00 

2 

6 

17 

1.00 

7 

Sequencing  J'<bs  by  smallest  due  date  yields  the  sequence  and  delay 
coste  as  shown  in  Table  II.  For  comparison  purposes,  the  optimal 
sequence  [14]  and  aaaociated  delay  coata  art  ahown  in  Table  III.  Even 
with  th‘S  small  example,  it  ie  seen  that  the  minimal  coat  solution  la 
lncreaaed  by  more  than  50  per  cent  when  sequencing  is  done  by  due  date 
aa  oppoaed  to  an  optimal  procadure.  (This  difference  in  cost  has  nothing 
to  do  with  the  mathematical  formulation  but  doea  provide  the  motivation 
for  obtaining  a  formulation  from  which  the  optimal  aaquence  can  be 
obtained)  . 

UlU-  -P&iUp 

In  examining  the  one-machine  sequencing  problem,  it  is  seen  that 
for  each  job  there  is  a  sequence  number  denoting  the  order  in  which  the 
Job  could  be  performed  In  relation  to  the  other  jobs.  Thus,  if  a  posi¬ 
tion  within  the  sequence  is  defined,  the  one-machine  sequencing  problem 
appears  similar  to  the  assignment  problem,  end  It  Is  only  necessary  then 
to  assign  the  Jobs  to  positions  In  such  a  manner  as  to  minimise  the 
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Table  tl 

SEQUENCE  BASED  ON  DUE  DATE  FOR 
SIX-JOB,  ONE-MACHINE  EXAMPLE 


Sequence 
Numb* r 

T 

w  »_?».* 

Nu&bfer 

Due 

Date 

Penal t  y/ 
Period  Late 

Job 

Duration 

Completion 

Time 

Delay 

Cost 

k 

i 

*1 

Pl 

t 

Tl 

Cl 

1 

i 

2 

SI  .00 

5 

5 

$  15.00 

2 

2 

u 

4  .00 

4 

9 

20.00 

3 

3 

8 

2  .00 

3 

12 

8.00 

4 

4 

12 

1  ,00 

5 

17 

5.00 

5 

5 

13 

7.00 

2 

19 

42.00 

6 

6 

17 

2  .00 

7 

26 

18.00 

To  ta  1 

$108.00 

Table  III 

OPUMAL 

SEQUENCE 

FOR  SIX -JOB, 

ONE -MACHINE.  EXAMPLE 

Sequence 

Number 

Job 

Number 

Due 

Date 

Penalty/ 
Period  Late 

Job 

Dural Inn 

Comp let  Ion 

1  ime 

Delay 

Cost 

k 

i 

8l 

pl 

dl 

Tl 

Cl 

1 

2 

4 

$4.00 

4 

4 

$  0.00 

2 

1 

2 

i  .00 

5 

9 

35  .00 

3 

5 

13 

7.00 

2 

1  1 

0  .00 

4 

3 

a 

2  .00 

3 

14 

12  .00 

5 

b 

17 

2  .00 

7 

21 

8.00 

6 

4 

12 

1 .  )0 

5 

26 

14.00 

Total 

$69.00 

total  delay  coat.  In  order  to  approach  thin  problem  mat hemal lea  1 1 y, 
the  first  step  Is  to  define  the  unknown  of  the  problem,  Based  on  the 
observation  that  the  problem  can  be  considered  as  ji>  assignment  problem, 
the  definition  that  comes  to  mind  for  the  unknown  is 


•fe¬ 


ll  li  |ob  t  Is  performed  In  the  kth  position 
*1 k  -  } 0  otherwt if  . 

At  this  point  In  the  design  process,  we  have  arbitrarily  viewed  the 
problem  as  an  assignment  problem  end  selected  e  definition  nr,  If  you 
like,  designed  e  variable  which  will  enable  us  to  portray  mathematically 
the  one-machine  sequencing  problem  as  an  assignment  problem.  The  exami¬ 
nation  of  the  sequencing  problem  in  these  terms  Is  based  on  the  schedul¬ 
ing  work  that  has  been  perfor»»d  by  Wegner  [?l]  in  which  he  defined  'he 
unknown  In  a  similar  fashion.  This  building  on  another  researcher's 
formulation  or  definition  Is  directly  anslogous  to  the  procedure  uaed 
by  a  design  engineer.  With  this  definition  of  the  unknown,  x^»  the 
constraints  of  the  one-machine  sequencing  problem  can  be  formulated, 
and  again  they  are  analogous  to  the  conatralnts  in  the  assignment  pro¬ 
blem.  Since  each  Job  can  only  be  assigned  to  one  position,  we  have 

n 

^  *lk  ■  i  1  -  1,2 . n.  Eq.  1. 

k-l 

Since  every  position  can  only  have  one  job  assigned  to  it,  we  also  require 

n 

L* ik  "  1  k  "  l-2 . "•  E<»'  2- 

i-i 

Equations  1  and  2  and  the  0-1  conditions  imposed  on  the  variables 
represent  the  conatralnts  necessary  in  this  formation  for  the  one- 
machine  aaquancing  problem.  The  ability  to  rapidly  deatgn  constraining 
equations  was  due  to  our  understanding  of  the  basic  assignment  problem, 
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and  t  hue  we  were  able  to  simplify  the  conceptual  problem*  associated 
wltlt  (he  constraints  of  the  sequencing  problem, 

It  Is  now  necessary  to  obtain  a  mathematical  expression  fix  i  «* 
objective  function;  that  Is,  the  total  delay  costs  associated  with  a 
gtven  sequence,  First,  the  penally  cost  associated  with  each  job  will 
be  considered.  In  order  to  enmpute  the  penalty  coat  associated  with 
job  l,  it  is  necessary  to  know  the  period  in  which  job  1  Is  completed. 
Let  Tj  be  the  completion  period  of  Job  1.  Now,  If  we  define  C  es  the 
penalty  cost  associated  with  job  1,  we  have 


",  <r,  -  «,»  11  T,  ’  «, 


otherwise . 


b'(.  3. 


Now  is  the  aum  of  the  processing  times  of  all  jobs  done  before  job 
i  plus  the  processing  time  of  Job  i,  d^  .  Job  J  Is  dune  be  litre  Job  i 
If  for  any  one  position  k,  x^  has  a  value  1  and  x^  bus  a  value  >>  lor 
q  "  1,2, . k.  Thus  if  we  define 


Ik 


L'l*’ 

q-l 


Kq.  4, 


we  can  eay  that  job  J  is  done  before  Job  l  If  the  Indicator  x^(l-u^) 
la  1  for  any  k.  Note  that  the  design  of  an  Indicator  which  spec) lies 
when  Job  J  is  dime  before  Job  1  is  a  complex  process.  However,  the 
mathematics  involved  In  obtaining  the  design  ate  straightforward,  What 
was  necessary  was  an  ability  to  manipulate  the  vatiibles  as  deli  tied 
and  to  put  together  the  .ariahles  in  a  hiitn  wl,i>l  insulted  in  tin 
tin, lied  i  »■  I  ,i  l  f  nut:  I,  >  |  ,  I  In  s  is  ,  design  pr- ,!•  I  it.  . 
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Wlth  the  above  Information,  an  equal  ion  for  the  completion  time 
of  job  l  can  be  written  a* 


In  Equation  5,  we  have  a  product  of  unknowns  which  would  yield  quadratic 
term*  In  the  objective  function.  These  quadratic  terms  can  be  repre¬ 
sented  in  a  linear  form  by  following  a  procedure  developed  by  Watters 
1 22  j  . 

If  a  quadratic  term  exists,  say  ab,  where  a  and  b  are  0-1  variables 
then  define  f  ■  ab,  where  t  is  a  0-1  variable.  Tie  truth  table  for  l 
Is  given  In  Table  IV. 


Table  IV 

TRUTH  T AISLE  FOR  A  QUADRATIC  TERM 


The  procedure  la  to  replace  the  quadratic  tarn  with  f  and  to  write  f 
ae  a  linear  function  of  a  and  b.  Tha  Inequalities  for  writing  f  In 
terms  of  a  and  b  are 

f  «s  a  +  b  -  1 , 
and  f  S  <](a  +.  b)  . 
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The  fact  that  f  does  Indead  represent  ab  can  be  verified  by  exhaustion 
(recall  that  f  la  a  0-1  variable), 


To  ule  thia  procedure  in  the  sequencing  problem. 


replace  x  ( 1  -u  , .  ) 
f  j  k  l  k 


by  a  newly  defined  0-1  variable  w  in  Equation  5, 


Ld 

j-i 


i^v 

k“l 


,jk* 


Eq.  b. 


and  lvpoae  t he  conatralnta 


and 


Wljk  "  [*jk  +  °  '  Uik>j  '  1 

wijk s  i/2[xjk +  (1  *  Vj- 


Uaing  Equation  4  for  u  ^  yield* 


k 

r 

L x 

q-l 


iq 


t‘q .  7  , 


k 

Xjk  +  1  '  L* lq  •  8‘ 

q-l 

Returning  to  the  definition  of  the  penalty  coot  for  job  1  given 
In  Equation  3,  It  la  aeen  that  the  penalty  coat  can  be  either  of  two 
value j  depending  upon  the  completion  time  of  Job  i  and  the  due  date 
for  Job  i.  These  conditions  can  be  expressed  in  a  single  equation  by 
defining  a  new  0-1  variable,  sjy  *  where 


and 


Wijk  S  2 
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since  If  there  Is  a  choice  for  v,  ..  it  will  be  set  to  tero.  Till*  same 

IJk 

observation  can  be  made  for  and  Equation  8  can  be  eliminated. 

The  above  formulation  is  summarised  below.  The  total  penalty 
cost ,  Z,  to  be  minimised  is 


Z  -  l  Pl(dl  -  gt)  6t  +  pi£dj  ^vtjk  Eq.  12. 


j-1  k-1 


subject  to 


i-\k  "  1 


i  *  1,2 .  n 


Lxik  • 1 


k  •*  1 1  2 1  <  •  i ,  n 


n  n 

5i  "  T  di  +  L  dJ  L  Wijk  '  8i 
J-1  k«l 


i  “  1,2,...,  n 


n  n 

6  S1+—  d  +  T  d  /w  -e 

i  1  I  °i  L’j  i  ijk  81 

J-1  k-1 


i  -  1,2,  ... ,  n 


U  ^  v  -  v 

ijk  *jk  L,  lq 


1,  J,  k-1, 2 .  n 

1  *  J  • 


vljk  •*  6i  +  wljk  ’  1  4-  J-  k  *  n 


b'oi  i  he  six-job  example  'n  *  6*  present  ed  m  Table  I.  there 

be  3b  v  j  1  ur  s  < .*  t  x  .  ,  ,  n  1 1. v  •  i  i  }  !.*<<)  v.i  1  u e s  » •  i  ■*  -i n d  )  " t )  v  j  I  m  *■ 
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°f  vijk  for 
There  would 
be  efflclenL 


a  total  of  402  unknowns  not 
be  384  constraints.  Thus, 


Including 
the  design 


slack  variables, 
does  not  appear  to 


Back  to  the  Drawing  board 

Rather  than  attempt  to  polish  the  above  design,  It  was  decided 
to  look  at  the  problem  from  a  different  perspective  [16].  Instead  of 
looking  at  the  sequence  In  which  Jobs  are  performed,  the  time  during 
which  the  job  Is  processed  was  examined.  Again,  other  researchers  have 
looked  at  the  problem  from  this  viewpoint  [l,  10],  and  have  defined 
the  unknown  variables  as  (1)  the  starting  time  of  Job  1  or  (2)  a  0-1 
variable  x^f ,  which  Is  1  In  period  t  when  Job  1  is  being  processed 
and  0  otherwise.  This  latter  definition  has  the  appealing  attribute 
of  specifying  which  job  is  in  process  In  any  time  period.  However, 
it  was  recognized  to  be  in  the  form  of  the  difference  of  two  step 
functions.  It  was  thought  that  by  defining  two  functions,  one  with  a 
positive  step  at  the  start  period  end  one  with  a  positive  etep  after 
the  completion  period,  a  saving!  in  terms  of  the  number  of  constraints 
could  be  obtained.  Thus  the  following  definitions  were  evolved: 


t  -  period  number  where  a  period  length  is  in  the  time 
units  of  the  problem; 

b  -il  If  job  i  is  started  prior  to  or  at  the  beginning 
f  <  of  period  t 
*0  otherwise; 

x  «jl  If  Job  i  is  completed  prior  to  period  t 
1  jo  otherwise; 

n 

and  T  -  time  horizon  and  la  equal  to  £  d^  for  the  one 

machine  sequencing  problem.  1-1 


the  above  definitions  yield  a  different  discrete  representation  oi  the 
problem  where  every  time  period  is  counLed  as  opposed  to  every  sequencing 
position . 

The  constraints  for  this  formulation  involve  the  limiting  at  only 
one  job  being  processed  in  any  period  and  the  maintaining  of  the  start 
and  completion  time  indicators.  To  restrict  processing  to  only  one  job 
in  a  period,  use  is  made  of  the  fact  that  job  1  is  processed  in  period 
t  if  and  only  if  (b  -  x^)  ■  1.  Thus,  this  constraint  for  each  t  is 


Z,<bit  -  *it>  -  »• 
i  “1 


t  -  1.2,  ...T. 


Eq.  13, 


To  maintain  the  step  functions:  it  is  required  that 


bit  S  bi(t+l>  1  “  1,2 .  T  -  l;  all  i  Eq.  14 1 


and  _ 

*lt  S  \(t+l)  C  “  l’2 . .  -  1;  all  L.  Eq .  15, 


Since  job  continuity  Is  required,  the  Job  Is  completed  time  units 
after  it  is  started  and 


’it  "  xi(t+d1)  al1  l»  1 


Eq.  16, 


where 


xit  *  1  for  t  >  T. 


The  ability  to  use  d^  as  a  subscript  is  predicated  on  the  assumption 
of  a  deterministic  processing  rime.  This  translation  operation  and 
removal  of  one  of  the  step  functions  is  obvious  n..w,  hut  was  not  during 
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the  design  stages.  The  constraint*  can  be  rewritten  as 


and 


x.  ■  0 

» t 

X  *  1 
1 1 


t  ^  d  ;  Hll 

t  «  T  ♦  1 . T  +  dt  i  all  1 


Xlt  *  xi(t+l)  1  “  dl  +  1 . Tj  411  1 


n 

tr 


L  <xl(t+d  >  '  xlt) 
1-1  1 


Eq.  17. 
Eq  .  IS. 

Eq.  19. 


Eq.  20. 


Equation  L7  states  that  job  l  cannot  be  completed  prior  to  a  period 
which  Is  not  larger  than  Its  duration.  Actually}  Equation  17  La  defini¬ 
tional  and  reduces  the  number  of  unknowns  of  the  problem.  Equation 
18  states  that  all  Job*  are  done  within  the  time  horizon.  It  Is  also 
definitional  and  is  Inserted  directly  into  Equations  19  and  20.  Equa¬ 
tion  20  is  rewritten  from  Equations  13  and  16.  With  this  redesign, 
Equation  14  is  eliminated.  (This  corresponds  to  a  reduction  of  n(T-l) 
variables  and  constraints.) 

Turning  now  to  the  objective  function,  job  1  is  late  In  period 
t  (t  >  )  If  xit  is  0.  Thus  the  lateness  cost  associated  with  Job  1, 


Ct,  is 


:1  “  Pl  I  (1-xit>- 


t-gj+1 


The  objective  can  be  stated  as  the  minimization  ot  the  function  Z  where 


Z  - 


T 

r 


L  pi  L  (1  ’ 

1-1  t-gt+i 


xu) 


Eq.  21. 
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or,  equivalently,  the  maximization  of 


n  T 


1-1  t-gt+l 


The  number  of  unknown*  for  thi#  formulae  Ion  is  (n-l)T  and  the  number 
of  constraint*  is  nT.  For  the  six-job  example  problem,  T  -  26  and  n  -  6, 
and  there  are  130  unknowns  and  156  constraints.  This  is  a  significant 
reduction  from  the  previous  formulation.  In  Table  V,  the  values  of 
the  variables  are  shown  for  the  optimal  solution. 

Icing  on  the  Cake 

In  examining  the  formulation  presented  in  the  above  section,  it 
is  seen  that  Equation  19  represents  (n-l)T  of  the  r.T  constraints.  Thus, 
Equation  19  deserves  further  scrutiny  [17].  Equation  19  is  required 
to  maintain  the  step  function  nature  of  the  0-1  variable  x^t  over  the 
time  horizon.  All  that  is  really  desired  is  a  knowledge  of  the  period 
at  the  end  of  which  each  job  ia  completed.  Baaed  on  the  first  design, 
it  appeared  plausible  to  consider  a  definition  for  the  unknown  variable 
which  was  1  for  the  period  that  the  job  is  completed  and  0  otherwise. 
This  design  of  the  unknown  combines  the  previous  definitions  of  the 
unknowns.  That  is,  it  involves  the  completion  of  the  job  in  the 
definition,  it  Involves  the  division  of  the  time  horizon  into  periods, 
and  it  involves  the  assignment  of  job  completion  periods  to  specific 
time  periods.  The  new  variable  will  be  y  ,  and  is  defined  as 

1  if  Job  i  is  completed  at  the  end  of  period  t 
0  otherwise 


TABLE  V 

OPTIMAL  SOLUTION  FOR  SIX-JOB,  ONE-MACHINE 
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Slnce  Job  i  cannot  be  completed  prior  to  t  •  d^,  vc  have 

y,  ■  0  t  •  d.  ;  alii.  Eo.  23. 

it* 

The  relationship  between  the  x^t  variable  defined  in  the  previous 
section  and  y  is 


t_- 1 

xit  '  L'^iq  Ec>‘  2il 

q«di 

Consider  now  the  conversion  of  Equations  18-20  to  constraints  involving 
y  .  Equation  18  specified  that  ail  jobs  were  completed  in  the  time 
horizon,  it  is  now  required  that  each  job  be  assigned  one  and  only 
one  completion  pcrlcd .  Thus 

T 

£  ylt  •  1  «■  Eq.  25. 

*"di 

and 

yU  S  0  t>T’  Eq.  26. 


Equation  26  is  definitional  and  states  that  completion  of  the  Job 
cannot  occur  after  period  T.  Since  the  step  function  concept  is  not 
being  used,  Equation  19  requires  no  equivalent  in  the  new  formulation. 
The  equivalent  form  ot  Equation  20  can  be  obtained  by  substituting 
Equation  2&  into  Equation  20  to  obtain 
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t-i 


t+d  - 1 

L  yiq 

q-dj 
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Lj  yt  q 
q-dt 
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o  r 


L  -fd  -  1 
n  i 


L  L  ^lq 

1-1  q»t 


-  1  t  -  1,2, 


Eq.  27, 


Similarly,  Equation  22  iJcco'tca 


n 

r 


t-i 


*m  L* i  L  LV 

i*l  fg^+1  q-d^ 


Eq.  28. 


For  thi»  reformulation,  the  number  of  unknown*  he*  not  been  reduced, 
i.e.,  there  are  (n-l)T  value*  of  y^f  to  be  determined,  However,  the 
number  of  explicit  constraint*  a*  represented  by  Equation*  25  and  27 
is  only  n  +  T.  (Note  that  Equations  24  and  2b  are  definitional.)  Thu*, 
for  the  six-job  example,  the  problem  has  been  reduced  to  130  nonslack 
variable*  and  32  constraint*.  Perhaps  more  significant  1*  the  observa¬ 
tion  thdt  the  number  of  constraints  only  increase*  a*  the  sum  of  ri  and 
T.  (Actually  the  n  equation*  represented  by  Equation  25  can  also  be 
removed  by  solving  for  y^  end  substituting -into  Equation  27  .) 

Cenerelltetlone 

The  model  discussed  in  this  paper  1*  actually  a  portion  of  a 
model  developed  to  study  the  scheduling  of  projects  consisting  of  s 
network  of  Jobe  under  th>.  idltiona  of  limited  resource  availability 
C 1 6 ,  17],  Jobs  were  permitted  to  require  multiple  resources  also. 
Equations  were  developed  to  represent  the  following  objectlvee: 

1.  Minimize  the  sum  of  the  throughput  time  (time  in  the  shop) 
for  a)  l  projet  t  s ; 

2,  Minimize  the  time  by  which  all  projects  are  completed 
(minimize  make span) ;  and 
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3.  Minimise  the  sum  nt  penalty  coat#  (a  generalization  of  the 

in  this  paper  to  allow  a  different  nenalty  in  each  period, 

vi*-,  Pu.) 

The  following  cunetrainte  ware  also  modeled: 

1.  Limited  resources; 

2.  Precedence  relations  between  jobs; 

3.  Job  splitting  possibilities  (interrupts); 

4.  Project  and  job  due  dates; 

5.  Substitution  of  resources  to  perform  the  jobs;  and 

6.  Concurrent  and  nonconcur  rant  performance  of  jobs. 

Conclusion 

The  formulation  of  problems  In  mathematical  terras  is  a  design 
activity  which  requires  an  intimate  knowledge  of  the  problem  being 
studied  and  an  ability  to  evolve  novel  approaches  to  the  design. 
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